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1 Introduction 

We consider the fohowing initial value problem 



111 it"*^ 
u{0) = uo{x), in 



iut + Au = f(u), inM'^xR, d>5, 



where u{t, x) is a complex-valued function in spacetime M x M'^ and A is the Laplacian 
in R*^, f{u) = — (Ixl""^ * |tip)n. It is introduced as a classical model in [31]. In practice, 
we use the integral formulation of 



rt 



u{t) = U{t)uo{x) -i U{t- s)f{u{s))ds, (1.2) 



itA 



where U{t) = e 

We are primarily interested in (jl.ip since it is critical with respect to the energy 
norm. That is, the scaling u ux where 

uxit,x) = X^u{X^t,Xx), X> (1.3) 
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maps a solution to (II. ip to another solution to (jl.ip . and u and have the same energy 

(ESI). 

It is known that if the initial data uq [x) has finite energy, then (jl.ip is locally well- 
posed (see, for instance |23]). That is, there exists a unique local-in-time solution that lies 

(id 

in CfH]^ n L^Lx"^'^ and the map from the initial data to the solution is locally Lipschitz 
in these norms. If the energy is small, it is known that the solution exists globally in time 
and scattering occurs; That is, there exist solutions u± of the free Schrodinger equation 
{idt + A)m-|- = such that 

— ^-[-(t)!! — > as t — > ±00. 

X 

However, for initial data with large energy, the local well-posedness argument do not 
extend to give global well-posedness, only with the conservation of the energy ()2.2I) . 
because the time of existence given by the local theory depends on the profile of the data 
as well as on 1 1 tto 1 1 ^1 • 

A large amount of work has been devoted to the theory of scattering for the Hartree 
equation, see [l]-[9], [22]-[25], [27] and [28]. In particular, global well-posedness in ij^ for 
the energy-critical, defocusing Hartree equation in the case of large finite-energy initial 
data was obtained recently by us [23], [25]. In this paper, we continue this investigation 
and establish scattering result for radial solutions to the energy-critical, focusing Hartree 
equation for data with energy and norm less than those of the gound state. 
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Figure 1: A description of the solutions with radial data in the energy space, where "FT" 
denotes finite time. 

The main result of this paper is the following global well-posedness and blow up 
results for (jl.ip in the energy space (Figure 1). 

Theorem 1.1. Let d > 5, uq £ H^{W^) be radial and let u he the corresponding solution 
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to (jj.jp in H^{W^) with maximal forward time interval of existence [0,T). Suppose 
E{uo) < E{W). 

(1) // ||Vno||j^2 < II^^IIl^' ^^^'^ ^ — +^ ^'^'^ ^ scatters in . 

(2) // ||Vno||j^2 > II^^IIl^' ^^s'^ ^ < +00, and thus, the solution blows up at finite 
time. 

Similar as in [12j . it is still open that scattering for the general data with energy and 
norm less than those of the gound state. But concerning the blow up result, we also 
have 

Theorem 1.2. Letd > 5, uq ^ H^(M.'^) and letu he the corresponding solution to ^1.1} in 
H^iW^) with maximal forward time interval of existence [0,T). Suppose E{uq) < E{W), 
||Vno||^2 > ||^^||l2 o^i^d \x\uo G L^, then T < +00, i.e., the solution blows up at finite 
time. 

Next, we introduce some notations. If X, Y are nonnegative quantities, we use X <Y 
or X = 0{X) to denote the estimate X < CY for some C which may depend on the 
critical energy Ecrit (see Section 4) but not on any parameter such as rj, and X ^ Y 
to denote the estimate X < Y < X . We use X <^ Y to mean X < cY for some small 
constant c which is again allowed to depend on Ecrit- 

We use C ^ 1 to denote various large finite constants, and < c <C 1 to denote 
various small constants. 

The Fourier transform on is defined by 

/(e):=(27r)-^ / e-"-«/(x)dx, 
giving rise to the fractional differentiation operators |V|*, defined by 

These define the homogeneous Sobolev norms 

WfWns III^I'/ILkr-^)- 

Let e**^ be the free Schrodinger propagator. In physical space this is given by the 
formula 

{4Tnty JiRd 

while in frequency space one can write this as 

e^(0 = e-'*l«'7(0- 
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In particular, the propagator preserves the above Sobolev norms and obeys the dis- 
persive estimate 

||e^*^/L«.(K-)<|tr^||/Lu,».v Vt/O. (1.4) 



Let d > 5, a pair {q, r) is L^-admissible if 



2 /I 1\ ^ 2d 
di---], for 2 < r < 



q V2 r/' - - d-2 

For a spacetime slab I x M'^, we define the Strichartz norm S^{I) by 

h\\sO{I) '■= sup ^ lhllL«Lj(/xM<')- 

((7,rj L -admissible 

and for some fixed number < eo <S 1, define Z^{I) by 

^ (g,r)GA 

where 

r. X 2 „1 1, 2d 2d 1 

A = {(<,,r);-=</(---)-l,— <r< — -.„}, 

When d > 5, the spaces (yS^{I), \\ ■ ||50(/)) and || • ||2i(/)) a^'^ Banach spaces, 

respectively. 

We will occasionally use subscripts to denote spatial derivatives and will use the 
summation convention over repeated indices. 

We work in the frame of [12], [13] and [16j . In Section 2, we recall some useful 
facts. In Section 3, we obtain some variational estimates and blow up results (Part (2) 
of Theorem 11.11 and Theorem ll.2p . Last using a concentration compactness argument, 
we obtain the scattering result (Part (1) of Theorem II. ip in Section 4 and 5. 



2 A review of the Cauchy problem 



In this section, we will recall some basic facts about the Cauchy problem 



Jiut + Aii = /(n), (x,t)GM'^xM, d > 5, 

where /(n) = — * |np)u. It is the critical, focusing Hartree equation. 
Based on the above notations, we have the following Strichartz inequalities 



(2.1) 
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Lemma 2.1 (Strichartz estimate [11 j. |30j). Let u he an 5" solution to the Schrodinger 
equation l\2.1\i . Then 



for any t^ & I and any admissible pairs {q,r). The implicit constant is independent of 
the choice of interval /. 

From Sobolev embedding, we have 
Lemma 2.2. For any function u on I X W^, we have 

VU rooro + Vti 6d + llVtill 6d + \\u\\ _2d_ + \\u\\ fid < l|Vli||An> 

II ll-t^t '^x II llr6r3d-2 II llr3r3d-4 H ll7-oord-2 H ll7-6r3d-8 H 1 1 

where all spacetime norms are on I xW^. 

For convenience, we introduce two abbreviated notations. For a time interval /, we 
denote 

ll'"llv/n •= ll^ll ,,6d ; ||^i|L/,^ := ||V«|| 6d ; ||^t||w/r\ •= ll^^ll ,,6d . 

We develop a local well-posedness and blow-up criterion for the i^^-critical Hartree 
equation. First, we have 

Proposition 2.1 (Local well-posedness l2l])' Suppose ||u(to)||^i < A, I be a compact 
time interval that contains to such that 

\\U{t - to)u{to)\\^^j^ < 6, 

for a sufficiently small absolute constant 5 = 6{A) > 0. Then there exists a unique 
solution u G C^HI to on / X M , such that 

lhlL{/)<°°' lhL(/)^2<5. 

Moreover, if u^^k "Uq H^{W^), the corresponding solutions ^ u in C(/; i/^(M'^)) . 

Remark 2.1. There exists 6 > 0, such that if ||u(to)||jji < the conclusion of Propo- 
sition [2A\ applies to any interval L In fact, by Strichartz estimates, we have 

||e*(*-*o)^n(to)||^(,) < C||e^(*-*o)^^x(to)||^(,) < C5, 

and the claim follows. 

Remark 2.2. Given uq G , there exists I such that G / and the hypothesis of 
Proposition l2n\ is satisfied on I. In fact, by Strichartz estimates, we have 

1 1 it A 1 1 

||e uo\\y^j^ < oo, 

then the claim follows from Sobolev inequality and absolutely continuity theorem. 
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Remark 2.3 (Energy identity). Based on the standard limiting argument, if u is the 
solution constructed in Proposition \2.1{ we have that 



E{u{t)) = h^\Vu{t)\\\, -^jj ^-l-^\u{t,x)\''\u{t,y)\'' dxdy. (2.2) 
is constant for t € I. 

Now let to e I- We say that u G C(/; H'^{M.'^)) n W{I) is a solution of 1^ if 
u \to= uo, and u{t) = e*(*-*o)^no - i f e'^^-''^^ f{u)ds 

J to 

with /(n) = — (|a;|~*^* \u\'^)u. Note that if n*^^\ n^^) are solutions of ()2.ip on /, u'^^^to) = 
u^'^\to), then u^^^ = u^'^^ on / x M'^. This is because we can partition / into a finite 
collection of subintervals Ij with 

A = sup max ||tt*^*^(t)|| ^, . 

If Jo is such that to G -^jo ' then the uniqueness of the fixed point in the proof of Proposition 
12.11 combined with Remark 12.21 gives an interval / 9 to so that u^^\t) = u^'^^{t),t G /. A 
continuation argument now easily gives u^^\t) = u^'^\t),t G /. 

Definition 2.1 (Maximal interval). The above analysis allows us to define a maximal 
interval (to — T_(tio),to + ^+(''^0))) with T±{uq) > 0, where the solution is defined. If 
Ti < to + T+{uo), Ts > to - r_(uo), Ts < to < Ti, then u solves 1^ in [T2,Ti] x M"^, 
so that u G C{[T2,Ti],H'^{W^)) r\ X{[T2,Ti\) nW{[T2,Ti]). 

Proposition 2.2 (Blow-up criterion [24j). IfT^{uQ) < +00, then 

^ , ,\ = +00. 
II llx(io,to+7+{«o)j 

A corresponding result holds for T^{uq). 

Definition 2.2 (Nonlinear profile). Let G , v{t) = e**^uo O'^'d let tn be a sequence, 
with lim tn = t (z [—00,00]. We say that u{t,x) is a nonlinear profile associated with 

ra— »oo 

(^Oi {tn}) if there exists an interval I, with t £ I (ift = ±00, 1 = [a, +00) or (—00, a]) 
such that u is a solution of l\2.1\i in I and 

lim \\u{tn,-) - V{tn,-)\\m = ^■ 
n— >oo " " 

Remark 2.4. Similar as in [TS^ . there always exists a unique nonlinear profile u{t) 
associated to (vo,{tn}), with a maximal interval I. 

Last, in order to meet our needs in Lemma 14.21 we give a stability theory, which is 
somewhat different from that in [25], but their proofs are similar in essence. 
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Proposition 2.3 (Long-time perturbations ). Let I be a compact interval, and let u be 
a function on / x which obeys the bounds 



Hxn) ^ M (2-3) 



and 



hhr'^Hi) ^ ^ (2.4) 

for some M,E > 0. Suppose also that u is a near-solution to l\2.1^ in the sense that it 
solves 

{idt + A)u = -{\x\-'^ *\u\^)u + e (2.5) 
for some function e. Let to E /, and let li(to) be close to n(to) "in the sense that 

\\u{to)-u{to)\\j^, <E' 

for some E' > 0. Assume also that we have the smallness conditions 

||e*(*-*»)^(^(to)-2(to))|Ui(7) < (2-6) 
INI 3 ijx^ < e (2.7) 

for some < e < ei, where ei is some constant ei = ei{E,E',M) > 0. 

We conclude that there exists a solution u to (|^. ip on I xW^ with the specified initial 
data u(to) at to, and 

\\u\\^,^j^<C{M,E,E'). 

Moreover, we have 

\\'^u\\g,^j^<C{M,E,E'). 

Remark 2.5. Under the assumptions l\2.3^ and (2.7), we know that the assumption l \2.4\ l 
is equivalent to the following condition 

||V2(to)||^2 < E. 

Remark 2.6. The long time perturbation theorem in [25^ yields the following continuity 
fact, which will be used later: Let uq S , ||So||^i < A, and let u be the solution 
of (j^. jp . with maximal interval of existence (T_(5o), T+(no)) . Let uo,n uq in , 
and let Un be the corresponding solution of l\2.1\i . with maximal interval of existence 
{T-{uo,n),T+{uo,n)) ■ Then 



T_(no) > lim r_(no,n) 



7+ (no) < lim T+(uo,n) 

71— > + 00 



an 



d for each t G (T_(no), T+(no)) , n„(t) — > u{t) in H^. 
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3 Some variational estimates and blow-up result 



Let W{x) be the ground state to be the positive radial Schwartz solution to the elliptic 
equation 

AW + {\x\-^ *\Wf)W = 0. (3.1) 

The existence and uniqueness of W were established in [17] and [20j . By invariance of 
the equation, for £ [— 7r,vr], Aq > 0, xq € M'^, 

is still a solution. Now let Cd be the best constant of the Sobolev inequality in dimension 
d. That is, 

yu£H^, \\{\x\-^ *\uf)\u\^\\l, <Cd\\Vu\\^2- (3.2) 

In addition, using the concentration-compactness argument [TU], [T5], [TO] and [2U], we 
can obtain the following characterization of W: 

1 

If IKlxl^"^ * I'Wp) = Cd|| Vn||^2) ''^ 7^ 0, then 3(6*0, Ao,xo) such that u = 

Weo,xo,Xo- 

From above, we have 

\\{\xr^*\W\^)\W\^\\^,=Cj{ J \VW\^dx)\ 
On the other hand, from (13.11). we obtain 



Hence, we have 



* |VFp)|VF|2||^i = J \VW\'^dx. 



Lemma 3.1. Assume that 



Assume moreover that E{u) < {l — 6o)E{W) where Sq > 0. Then, there exists 5 = 5q > 



such that 



\Vn\'dx - 1 1 M^^^dxdy > 1 1 \Vu\'dx, 



j \Vu\^dx <{l- 5) j [VM^j^dx, 
E{u) > 0. 
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Proof: Define 



\Vu\'^dx and /(x) ~ 2^ ~ ^^^^^ 
From (j3.2p . we have 

(1 - 5o)i^W > E{u) > i y |Vn|2(ix - J \Vu\^dx)' = f{a). (3.3) 

Note that 

/ (^) = 2 ~ 2^d^' 

This implies that 

/'(x) =0^x = ^ = J \VWix)\^dx. 

On the other hand, 

fix) > 0, for a; < 
/(0) = 0, f{-L) = A_^=E{W). 
Together with (13. 3p and the fact that a = ||Vn||^2 G [O' cJ^)) these imply that 

II V^xll'^ =a< (1-6)^ = il-S) I \VWfdx, 6 = 5'J\ 
E{u) > f{a) > 0. 

Now define 

g{x) = x- Cjx^. 

From ()3.2p . we also have 
J \ Vu\^dx - j j'^^^^^^^^^^dxdy > J \Vu\^dx-Cj(^ j \Vu\^dx)'' = g{a). (3.4) 

Note that ^ 
g{x) = x = 0, or X = —J, 



Hence, we obtain 



5'(0) = 1, 5'(4) = -1, 9"{x) = -2Cj < 0. 



5((x) > I- min (x, - x) for < x < 
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Since ||Vu|| = a G [0, (1 — (5) 7^], the above inequality implies that 
(LHS) o/dll > g{a) > \ min(a, ^ - a) 
> -mm[a,oa) = -a. 

This completes the proof. 

Corollary 3.1. Assume that u ^ H'^ {W^) and that \\S/u\\^^ < \\VW\\^2- ThenE{u) > 0. 

Proof: If E{u) < E[W), the conclusion follows from Lemma 13.11 If E{u) > 
E{W) = j^, it is clear. 

Proposition 3.1 (Lower bound on the convexity of the variance). Let u be a solution 
of (l£ip with to = 0, m(0) = Mo such that for 60 > 

j iVuopdx < j \VW\^dx, E{uo) < (1 - 5o)E{W). 

Let I 3 be the maximal interval of existence given by Definition \2.1i Let 6 = 6q be 
as in Lemma Then for each t € L, we have 

J \Vu{t)\^dx- jj^^^^^^^^dxdy>\ j \Vu{t)\^dx, 

j \Vu{t)\^dx <{l-^) j \VW\^dx, 
E{u{t)) > 0. 

Proof: We prove it by the continuity argument. Define 

n={teL, \\Vu{t)\\^, < \\VW\\^„E{u{t)) < (1 - 6o)E{W)}. 

It suffices to prove that il. is both open and closed. 

Firstly, we see that to ^ ^- Secondly, Q is open because of m G C^{I,H^) and 
the conservation of energy. Lastly, we need to prove that is also closed. For any 
tn en,T € I, and t„ ^ T. Then 

\\Vu{tn)\\^2 < ||VPF||^2, E{u{tn)) < (1 - <5o)^(Ty). 
From Lemma |3.H we obtain 

\\Vu{tn)\\l2 < il-S)\\VW\\l,. 
Using the fact that u G Cf{I,H^) and the conservation of energy again, we have 

||Vn(r)||'2 < {l-6)\\VW\\l„ E{u{T)) = E{u{tn)) < {l-6o)E{W). 
This implies that T G O and completes the proof. 
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Corollary 3.2 (Comparability of gradient and energy). Let u,uo be as in Proposition 
\3.1[ Then for allt^I we have 



E{u{t))^ J |Vu(t)rdx« J \Vuordx 
with comparability constants which depend only on 60 . 

Proof: From Proposition I3.H we have 
i j \Vuit)\^dx>E{uit)) = ^ j \Vu{t)\^dx + -^[ j \Vu{t,x)\^dx- jj 



> 1±1 



j \Vu{t)\^dx y tel. 



This together with the conservation of energy implies the claim. 

In order to obtain blow up results, we first give the (local) virial identity, which we 
can verify by some direct computations. 

Lemma 3.2. Let (p G C^(M'^), V{x) = \x\-'^, t E [0,T+{uo)). Then 



(1) — J |n|^(/?dx = 2Lm J uWuWfdx; 

(2) J \u\'^(pdx = — J AAip\u\'^dx + AKe J ipjkUjUkdx 

-Rej j {V(p{x) -Vipiy))W{x - y)\u{y)f\u{x)\'^dxdy. 

Proposition 3.2. Assume that uq G H^{R.'^) and 

E{uo) < E{W), j iVnopdx > j \VW\'^dx. 

If \x\uo G L^ or uq is radial, then the maximal interval I of existence must be finite. 

Proof: Indeed, we can choose a suitable small number 6q > 0, such that 

E{uo) < (1 - do)E{W), j \Vuo\^dx > j \VW\'^dx. 

Arguing as in Lemma |3. 11 we obtain that there exists 6 such that 

1 + 5 



j \Vuo\'^dx > (1 + 6) j \VW\'^dx 



This shows that 



j \Vuo?dx - jj '^"^j^j'^iy dxdy = AE{uo) - j \Vuo?dx 

1 + ^ 1 - (5o 1 + 8 



<^{l-5o)E{W) - 

d d d 
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Now define 

n = {tel, ||Vn(t)||^2 > \\VW\\^,,E{u{t)) < (1 - 5o)E{W)}. 
Using the continuity argument and arguing as in Proposition l3.lt we have 

n = I. 

Arguing as in Lemma 13.11 again, we have 

\\S/u{t)\\l, > {l + d)\\VW\\l,. 

Then 

/■.^ / N,2, ffHt,x)\'^\u(t,y)\'^ ^ , 60+6 
J \Vu{t, x)\^dx- jj |j y\i ^^'^y " — < 0, V t G /. 

As for the case that |x|no G L^. From Lemma 13.21 we have 
^ J \x\Mt,x)\'dx = 8(^ J |V^x(t,x)pdx-yy"^^^^^^^^|^dx<iy) <0. 

This implies that I must be finite. 

As for the case that uq is radial. Using the local virial identity [2], [3] and [29], we 
can also deduce the same result. 

4 Existence and compactness of a critical element 

Let us consider the statement 

(SC) For ah uq G H\R'^) with ||Vno||^2 < \\VW\\^2,E{uo) < E{W), if u is the 
corresponding solution to ()2.ip . with maximal interval of existence I, then / = 
(— cx),+oo) and j^^^j^^ < +00. 

We say that {SC){uo) holds if for this particular uq with ||Vno||^2 < II^^IIl^' 
E^uq) < E{W), and u is the corresponding solution to (|2.1I) . with maximal interval of 
existence I, then / = (—00, +00) and < +00. 

Note that, because of Remark 12.11 if H'Mojl^fi < {SC){uo) holds. Thus, in light 
of Corollary 13.21 there exists rjQ > such that if uq is as in (SC) and E{uq) < rjo, 
then (SC){uo) holds. Moreover, E{uq) > in light of Proposition 13. li Thus, there 
exists a number E^, with tjq < E^ < E{W), such that, if uq is radial with ||Vmo||j;^2 < 
II VVF||^2) -£'('fio) < Ec, then {SC){uo) holds, and Ec is optimal with this property. If 
Ec > E(W), then the first part of Theorem 11.11 is true. For the rest of this section, we 
will assume that Ec < E{W) and ultimately deduce a contradiction in Section 5. By 
definition of E^ we have 
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(C.l) If uo is radial and ||Vno||^2 < || VM/^||^2, £^(^fo) < Ec, then (5C)(uo) holds. 

(C.2) There exists a sequence of radial solutions u„ to (j2.ip with corresponding initial 
data Unfi such that ||Vu„^o||2,2 < || VW^||/^2) -E'(iin,o) \ -Ec as n ^ +00, for which 
{SC){unfi) does not hold for any n. 

The goal of this section is to use the above sequence Unfi to prove the existence of 
an radial solution Uc to (j2.ip with initial data Ucfi such that ||Vmc,o||j^2 < ||VM^||^2) 
E{ucfi) = Ec for which (SC){ucfi) does not hold (see Proposition 14. Moreover, we 
will show that this critical solution has a compactness property up to the symmetries of 
this equation (see Proposition 14. 2p . 

Before stating and proving Proposition l4.lt we introduce some useful preliminaries in 
the spirit of the results of Keraani [14] . First we give the profile decomposition lemma. 

Lemma 4.1 (Profile decomposition). Let Vn,o be a radial uniformly bounded sequence in 
H^, i.e. \\yvnfl\\^2 ^ Assume that \\^''^'^Vn,o\\x(K) — ^ ^ ^> where 6 = 6{d) is as in 
Proposition \2.1\ Then for each J, there exists a subsequence of Vn,o, also denoted Vnfij 
and 

(1) For each 1 < j < J, there exists a radial profile Vqj in . 

(2) For each I < j < J, there exists a sequence of {Xj,n,tj^n) with 

h H .2 ^ °° as n ^ 00 for j / j . (4.1) 

(3) There exists a sequence of radial remainder w:l^ in H^, 



such that 



with 



1 

j=l ^j,n 



X 



(4.2) 



V^{t,x) = e^*^yo,i(x), ||^o,i||^i > MA) > 0, 



E{Vn,o) 



lim r lim e 

J— >oo n^oo " 



n.\\Li(R,L'-)i 



5Zl|Vyo,i||i2 + ||V«;;(||^2 + o„(l), 
i=i 

t- 

^E{Vji-^))+E{w'j + On{l), 

j=l j,n 

w 2 „1 1, , 2d 2d 
0'% = ^(2-7)-l' d3^^^<d34 



(4.3) 
(4.4) 

(4.5) 
.(4.6) 
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Proof: Here we only give the proof of energy asymptotic Pythagorean expansion 
5]), the rest is standard (see [Hj). 

By the asymptotic Pythagorean expansion of kinetic energy, it suffices to show that 

J 



" ''^\x)\^\V'^{-^-^,y)\^ dxdy 



+ 



w^{x)\^\wi{y)f dxdy + o„(l), V J > 1. 



\x -y\- 



We first claim that if J > 1 is fixed, the orthogonality condition (|4.ip implies that 
1 



\x -y 



=1 A 



2 



dxdy 



J 



\x - y\ 



dxdy + On{l). 



3,n 



(4.7) 



By reindexing, we can arrange such that there \s Jq < J with 



(1) V 1 < J < Jo, we have that 



X2 



< C in n; 



(2) V Jo + 1 < J < J, we have that 



+00 as n — > +00. 



By passing to a subsequence and adjusting the profile Vqj, we may assume that 



V 1 < j < Jo, 



0, 



From case (2), we have 



lim 



\Vj(.-^,x)\'\Vj{-^,y)f dxdy = 0, V Jq + 1 < j < J (4.8) 



+00 J J \x — y\ 



4l'jV \2 



A 



Indeed, using Hardy inequality and the decay estimates for the free Schrodinger equation 
(similar to Lemma 4.1 in [5] and Corollary 2.3.7 in [IJ), we have for Jo + 1 < J < J 

:\yj(-^^-)\'\VH-^^y)\' dxdy < \\Vj{-^)\\l^^ - 0, n - +oo. 



A2 



By (jH]), if 1 < j < < Jo, we have 



oo as n ^ cx). 



(4.9) 
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This implies that 



Jo 

■Y. 



(4.10) 



\x - y\' 



■\VoA^)?\VoM? dxdy + On{l). 



Hence, from (j4.8p and (j4.10p . we obtain 



1 



\x-y\^ 
1 



\x-y\' 



\x - 



T2 



' X . l\ \ iizil ''i I, X2 ' \ . / 



dxdy 



\2 ' \ . 



Aj,n Aj,n ' 



l{ "-J 



=Jo+l Xj l_ 



\2 ' \ . 



dxdy 



Jo 



E4l^o.(3f)+ E 'A- 



Jo 



2 ^Ji" 

Jo 



j=Jo+i Aj^: 
J 



+ E 



2 '^l,™ -^1,'' 



dxdy 



Jo 1 lOi -^0 1 

j=l '^j^n ''=1 - " 



i=l -^i.n 



dxdy 



J 

E 

i=Jo+i 



\x - y\ 



\2 



J 



1 -W^ .^m2|t//^_^ „m2 



|x - y\- 



:\Vl{-^,x)\'\Vj{-^,yr dxdy + On{l), 



this yields (gZI)- 

Secondly, we claim that 



lim 1 1 w'^ (x 

n— »+cxD 



as J ^ +00. 



(4.11) 



Indeed, we have 



{x)l^<\\e''^w'^{x)\\ 



= (M;L^)' 



this together with ()4.6p implies the claim. 



15 



7 J 

Note that (j4.1ip implies that {w:|^} is uniformly bounded in L'^-'^iW')^ the uniform 

boundness of {vn,o} in H^{W^) also implies uniformly bounded in Ld^{W^). Thus we 
can choose Ji > J and A^i such that for n > Ni, we have 



\Vnfi(.x)\'^\Vn,o{y)\'' 



dxdy 



Vnfl{x) - wi^{x)\'^\Vn,o{y) - {v)? 



+ 



\x-y\^ 

\wi{x) - wi^{x)\'^\wi{y) - wi^{y)\'^ 



\x - yY 



dxdy 



\x-y\^ 

\wi{x)\^\wi{y)\'^ 



\x - y\^ 



dxdy 



dxdy 



< C(sup||?;„,o(x)||^_2^ +sup\\wi{x)\\^_M_)\\w:^^^{x)\\^_2^ + C\\w:^' {x)\\ ^_2^ < e. 



By (BZD, we get N2 > Ni such that for n > N2 

\vnflix) - w:^'{x)\'^\vn,o{y) - 



\x - 



dxdy 



(4.12) 



(4.13) 



\x - 



-dxdy 



< e. 



Using (j4.2p . we have 



--J+1 A 

By (jl2D, we get iVs > N2 such that for n > iVg 



3,n 



I ( _ ^j,n X . 



\wi{x) -w:^^{x)\'^\w^{y) - wi^ {yy^ 
|x-y|4 



^ rr\vji-^^^)\'\vj{-^,y)\ 



dxdy — 

j=J+i 



\x-y\' 



-dxdy 



< e. 



Combining the above inequality with (j4.12p . (j4.13p . we obtain that for n > 



\Vn,o{x)?\Vn,o{y)\ 

\x -y\^ 



-dxdy — 



\x - 



dxdy 



dxdy 



II 



Mx)\'\Vn0{y)\\^^y 



\x - 2/1^ 

|^'n,o(2;) - w^^{x)\^\vn,oiy) - w;(i(y)p 



+ 



\x -y\ 



dxdy 



\x - y\'^ 

\wn{x) -w:^''{x)\^\w:^{y)-w^^{y)\^ 



dxdy — 



X - y\^ 

\ rr\yli-^^^)\'\vji-^^y)\' 



Jl 

+ E 

j=J+l 

<3e, 



\x - y]"^ 
\Vji-^,x)\^\Vji-^,yr 



dxdy 



\x - y\'^ 
wi{x)\'^\w:l{y)\^ 



-dxdy 



-dxdy 



\x-y\' 



-dxdy 



\x - y\^ 

Wn{x) - w:^^^{x)\'^\w:^{y) - w^^iy)]"^ 
\x - y\^ 



dxdy 
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this completes the proof. 

Lemma 4.2. Let {-Zo,n} £ be radial, with 

||Vzo,n||^2 < ||V^IL2, E{zo^n) ^ Ec- 

and with \\^^^^zo^n\\x(^) > (5 > 0, where 6 = i^dl Viyjl^a) is as in Proposition \2.1[ Let 
Vo,j he as in Lemma \j7l\ Assume that one of the two hypotheses holds 



(1) 



Jm^E{vl{-^)) <E,. (4.14) 

n— ++00 ^ 



(2) After passing to a subsequence, we have that 

_^E{VI{-^)) = E, (4.15) 

with Sin = — TT^ — s^, G [—00,00], and if Ui is the nonlinear profile asso- 

dated to (Vo,i, {si^^}) j we have that the maximal interval of existence of Ui is 
I = (—00, +00) and \\Ui\\ yfrr.. < 00. 



Then, after passing to a subsequence, for n large, if Zn is the solution of \2.1\ with data 
at t = equal to zo,n, then (5(7) (zq,™) holds. 

Proof: Case 2 holds. Applymg Lemma |4. II to {^o^n}; we have 

J -, , 



j=l ],n J'"' 
J 

> ||V-2;0,n||5,2 = W'^^oAl^ + Il^'^n||i2 + 0„(1), 



j=l j,n 

^ f- 

E,^E{zo,n) = YEiVj{-^))+E{wl) + On{l). (4.17) 

j=i J> 

By ()4.16p and Corollary 13.11 we have for every 1 < j < J 

E{Vj{-^))>0, E{wi)>0. 

Using (j4.15p and (|4.17p . we have for every 2 < j < J 

E{Vj{-^)) ^ 0, E{wi) ^0, as n ^ +00. 
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Using Corollary 13.21 we obtain that 



J J f 

E II^^ojII'^ + W^wiWl^ = E l|V^'((->f^))lli2 + W'^wiWl'. ^ 0, as n ^ +cx). 

j=2 j=2 3,n 

Hence, we have for every 2 < j < J 

Vqj = 0, and ||Vt(7;(||^2 — > 0, as n — > +oo. 

Therefore, 

1 X 

zo,n{x) = (^_^w^ F/(gi,n, T — ) + Wn, where ||Vu;„||^2 ^ as n ^ +oo. 

l,n 

Let uo,„ = A['^^^^^^zo,n(Ai,„x), 5;„ = A['^^^^^^t(;„(Ai,„3;), we have ||Vuo,„||^2 = 
||V2;o,n||^2 < ||^^IL2 and 

vo,nix) = yi{si,n,x) +Wnix), where ||V5;ri||^2 — > as n — > +00. 

Note that by the definition of nonlinear profile, we have 

'")IL2 ^ as n — > +00, 
then _ _ 

(x) = Ui[si^n,x) + Wn, \\V'Wn\\j^2 ^ 0- 
E{Ui{si,n)) = E{Vlisi,n))+On{l) ^ E,, 

||VC/i(si,„)||^2 = ||Vy/(si,„)||^2 +0„(1) 

= \\VVo,l\\^,+On{l) < ||VVF||^2. 

We now apply Proposition 12.31 with u = Ui,e = to obtain that (5'C)(t>o,n) holds, 
then this case follows from the dilation invariance of ()2.ip . 

Case 1 holds. We first claim that 

lim EjvH-^)) < E, for j > 2. (4.I8) 

n—^+oo j,n 

After passing to a subsequence, we assume that 

lini^E{vl{~^^)) <E,. (4.19) 



l,n 
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Applying Lemma [4T] to {zo,™}) we have 

J 



J 

||VH^||^2 > l|V^0,n||i2 = Yl Il^^0,i||i2 + \\'^wi\\l2 + On(l), 

i=i 

= Ell^^'(-#^)|li^ + ll^"^n|li^+'^"W' (4.20) 
j=l j,n 

^ f- 

E,^E{zo,n) = Y.^{V'^^-jf))+E{wi) + On{l). (4.21) 
By (|4.20p and Corollary 13.11 we have for every 1 < j < J 



Note that 



ti 



E{Vl{-^))<E, + On{l)<E{W). 



Hence, from Lemma |3. II and Lemma |4.H we have 



m'(-|^)) = 4l|vF/(-|^)ll2. + -( y wvii-^rdx 



> c||VF/(-^)||^, = C\\VVo4l, > Cao > 0. 



By (HSU), we have 



£e ^ ^(^o,n) > Cao + ^ ^(^i (-^)) + Eiwi) + 0,(1), 

j=2 i." 



which implies the claim. 
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After passing to a subsequence, we can assume that for any j > 1 

lim E (Vj {{— -^^))^ exists, and lim — = Sj € [—00,00]. 

If Uj is the nonhnear profile associated to {Vqj, {—^^}) , then by the definition of 
nonhnear profile, for sufficiently large n, we obtain 



3," 



j,n j,n 

By the definition of Ec, we have that Uj satisfies (SC). Moreover we also have 
ll^illiy(iR) ^ ™^ obtain from Corollarv 13.21 

E{Uj{t)) « II VC/j (0115^2 « ||Vf/j(0)||^2, V t € R. (4.22) 

On the other hand, we claim that there exists jo such that, for j > jo 

Pj\\x(R)^C\\VVoj\\^,. (4.23) 

In fact, from (j4.20p . we have 
J 



|2 



J2\\^^0'3\\l2 < ||vzo,„||2^2 + o„(i) < ||viy| 



then there exists jo, for j > jo, such that ||VVoj||^2 ^ where 6 is so small that 
||e**^Vbj||jY(]R) < (5, with 6 as in Proposition 12.11 Note that 

Uj{t) = e^'^Voj + i [\''^'-'^^{\x\-U\Uj\^){s,x)Uj{s,x)ds, 

this together with the local wellposedness theory implies 

ll^iL(R) - '^Il^^0j||i2- 



Since for sufficiently large n, we have 

-o,n(x)= J2^Vj{-^,^)+wi(-^\ ||e^*V(-)||^ <60. 
Define the near-solution 

,=1 A. 2 
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Then Hn,eo satisfies the following equation 



where 



j 



By the definition of the nonlinear profile Uj, we have 



1 ^A.^' '^J> 



t - t 



3,n 



X 



^0, 



X2 ' \ . 



) + 



W. 



■H^o) \\^itA~J{eo) 



< 2eo for n » 1. 



By the orthogonality property and (|4.20p . we have 

\\VH^,.,iO)\\% <CY l|V^'(-T|^)||i. + o„(l) < C\\VW\\l,. 

j=l j,n 

In addition, we also have 



X 



=1 A 



< 



^(^o) 



E 



1 TT ^7l" 



ti-2 '^3\ \2 ' 



X-^ ' X ■ ' 



-J>d_dt 

■ 3d-8 



6d 
3d-8 



dt 



1 TT ^i^n X 

-Ui' 



d-2 "-^J V -v 2 ' \ 

1 ^ "A,^ ^> ^•'> 



- 



d-2 



1 TT ^i^n X 



\^ ' X . ' 



Gd 

- 



1 [/..V* 



=/ + /I. 

For the first term, from (I4.20p and ()4.23p . we have 



JO 

io 

<Y.\\H 

Co 



+ E ll^.i 

j=io+i 

+ ^ E llv^o,i||'2<EII^^-l 

i=jo+i i=i 



i=io+i 



< 



2 ' 
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where Co is independent of J(eo)- For the second term, we have from the orthogonaUty 

1/ — > as n — > oo. 

Hence, we obtain 

||-ffn,eo||x(R) — ^0' " Sufficiently large, (4-25) 
where Cq is independent of J(eo). 

Note that (j^) < oo and < oo, using the orthogonality of {Xj,n,tj,n) 

again, we have that 

\\Rn,eo{t,x)\\^s^^,^^^^0 as n^oo. (4.26) 
Last, for sufficiently large n, we have 

||Vzo,n - VHn,eoiO)\\L2 < 1 1 t^n^'"^ | ^2 < l^n^'^^La + On(l) < ||VH^||^2. (4-27) 

Combining Proposition [231 Remark [23] with (fi:2i]) - ([071) . we obtain that {SC){zo,n) 
holds. 

Proposition 4.1 (Existence of a critical solution). There exists a radial solution of 
i\2.1\\ in with data Ucfi and maximal interval of existence I such that 



and 

\X(I) 



Pc I viT^ = +00. 



Proof: By the definition of Ec and the assumption that Ec < E{W), we can 
find uo,n € radial, with ||Viio,n||^2 < II^^IIlz; E{uo,n) \ Ec, and such that if 
Un is the solution of (j2.ip with data uq,™ at t = and maximal interval of existence 
In = (-r_(uo,Ti),7+(no,„)), then 

||e**^?io,n||;5(^(jg) > as Proposition 12.11 and H'^nHg^j- ^ = +oo. 

Note that Ec < E{W), then there exists 6o > 0, so that for sufficiently large n, we 
have E{uQ^n) < (1 — 5o)E{W). By Proposition 13. H we can find 5 so that 

\\vun{t)\\l, < (i-5)\\vw\\l„yt£in. 



Applying Lemma l4?T] to {uo.n}, we have 



J 

U0,n = ^ >(d-2)/2 'jy ^2 ' X . . 



\Vo,i\\h^ >ao(A) > 0, jirn^ [ Jim ||e^*^t/;;(||^(^)] = 0, 
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(1 - S)\\VW\\l, > ||Vno,„||'. = Yl + ll^^nllia + 

j=l j,n 

E,/E{uo,n) = Y.^(^j(-^^)+^('^n) + On{l). (4.29) 

j=l j,n 

Because of (|4.28p . we have that 

l|V^'(-T^)|li2 < (1 - ^)||VW^||'„ WVwiWl, < (1 - ^-)\\VW\\l„ for n » 1. 
From Corollary 13 -H it follows that 

By (029]), we have that 



E{Vl{-^^))<EM + On{l), 



therefore, 



liminf E{Vl{-^)) < E, 

n—>oo At 
l,n 



Note that {SC){uo^n) does not hold, we have from Lemma |4.2 



lhnmfE{Vli-^))=E,. 

n—*oo Af 

l,n 



Arguing as in the proof of Case 2, Lemma [421 ^6 see that liminf = E^ 

n— >oo At 

and Ec < E{W) imply that J = 1 and ||V?i;;(||^2 ^ as n — > +oo. 
Thus 

/ \ I / Th \ / \ II II 

uo,n{x) = —rr^^yi ( - T^, T — ) + Wnix), Vw„ L-a ^ as n ^ +oo. 
Let 



then 

vo,n{x) = Vl{ - -rf-,x) +Wn{x), \\Vwn\\^2 ^ as n ^ +00. 
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Let Ui be the nonlinear profile associated to (Vo i, — tt^) and let Ii be its maximal 
interval of existence. By the definition of the nonlinear profile, WG h.clV6 for — 

\\VUi{Sn)\\l, = ||Vy/(s„)||'2+0n(l) < ||VH^||5^2, 
EiUiiSn)) = E{Vl{s„)) + On{l) =E, + Onil). 

Let's fix E Ii. then from the conservation of energy and Proposition I3.H we have 
\\VUi{s,)\\l, < ||VTy||^2, E{Ui{s,)) = E,. 

If < +00, Proposition 12.21 implies that /i = (—00, +00), then {SC){uQ^n) 

holds from Lemma 14.21 this obtains a contradiction. Thus 

PA\x{h) = +^- 

This completes the proof. 

Proposition 4.2 (Pre-compactness of the flow of the critical solution). Let Uc be as in 

Proposition \4-l\ and that \\uc\\x(^j_^^) = +00, where /+ = (0, +co) n /. Then for t € /+, 
there exists X{t) G such that K is precompact in where 

K = [v{t,x),v{t,x) = K=2Uc{t,^),t e /+). 

x{t)— -^W 

Proof: For brevity of notation, let us set u{t, x) = Uc{t, x). We argue by contradic- 
tion. If not, there exist % > and a sequence {tn}^=i,tn > such that, for all Aq S M"*", 
we have ^ 

Mtn,j^)-u{tn',x) j^^>Vo, for n / n'. (4.30) 



^(d-2)/2-^"'Ao' 



After passing to a subsequence, we assume that tn ^ t £ [0,T+(uo)]. By taking 
Ao = 1 in ()4.30p and the continuity of the flow u{t) in H^, we must have 

t = T+{uo). 

In addition, from Proposition 12.11 we also have 

lh'*^^(*")L(o,+oo)>^- (4-31) 

Applying Lemma \4A\ to uo,n = u{tn), we have 

3=1 ■^j,n 
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with 



\\^u{t^)\\l, = J] \\VVo4l, + l|V^n||i2 + On(l), 

i=i 

j=l j,n 



Arguing as in the proof of Proposition I4.H we see that 



l,n 



this imphes that J = 1, i. e 

u{tn] 



+ Wn, hm \\wn 



/V-|_ 1,11 , 



(4.32) 



The next step is to show that 



Notice that we have 



tl,n 



must be bounded. 



) + e^'^wn, 



with lle^'^^uinll^^jg^ < I for n sufficiently large. 

Assume that ^ ~Co for n large, Co a large positive constant. Since 



< \\v! 



s 

< - 



Ad-2)/2'n ^2 ' Ai„^ X(0,+oc) - ll^ll^(Co,oo) ^ 2 
l,n ' ' 

for Co large, we get for n large 



X(0,+oo) 



which is a contradiction to (j4.3ip . 



On the other hand, if ^ Co for n large, we have 



1 I ft — tin X 



for Co large. Hence, 

V'^u{tn)\\ 



X(-oo,0) 



< 



IX(-oo -Co) ^ 2 



X{ — CXD,t„) 



< 5 
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for n large, Proposition 12.11 now gives 

||m|| , s < 25. 

Since tn^t = T^{uq), we also obtain a contradiction. 
Hence 



after passing to a subsequence, we can assume that 

tl,n 



\2 



to G (-00, +oo). 



On the other hand, by (j4.30p and (j4.32p . we obtain that for n ^ n' large. 



1 tW,' Ao 



or 



■y) - Vi 



Al,n' ^^(c^-2)/2^^^ tl,n Ai,„/ 



1 T.i/ a; 



Letting 



Af ^ ' AqAi 

Al,n' 



X2 



> 

m - 2 



An 



A 



l,n 



we will obtain a contradiction because of the continuity of the linear flow Vj{t,x) in 
and 



\2 



to, and 



tl,n' 



to- 



This completes the proof. 



5 Rigidity theorem 

In this section, we will prove main theorem. 

Theorem 5.1. Assume that uq G is radial and satisfies 

E{uo) < E{W), \\Vuo\\^, < \\VW\\^,. 

Let u be the solution of l\2.1\\ with maximal interval of existence (— T_(no), 7+(tio)). 
Assume that there exists A(t) > 0, for t E [0,T^{uq)), with the property that 



K = {v{t,: 



A(t)- 



(t,^),tG[o,r+M)} 



is precompact in . Then T^{uq) = +oo,uq = 0. 
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We start out with a special case of the strengthened form of Theorem 15.11 

Proposition 5.1. Assume that u,v, X{t) are as in Theorem \5.1\ and that \{t) > > 0. 
Then the conclusion of Theorem 15. il holds. 

First we collect some useful facts: 
Lemma 5.1. Let u,v be as in Theorem\5.1[ 



(1) Let 6o > be such that E{uq) < (1 — 5o)E{W). Then there exists 5 > Q such that 
for all t € [0, T_|_(no)), we have 

j \Vu{t)\^dx <{l-'5) j \VW\^dx, 

j \Vu{t,x)\^dx- j j M!l^^^|!iyl^d^dy > ^ j ivnpdx, (5.1) 

j \Vu{t)\^dx E{u{t)) = E{uq) j |Vno|^dx. 

(2) For all t G [0, T+(no)), we have 

\\v{t,x)\\\^* <Ci j \Vv{t,x)fdx <C2 j \VW{x)fdx. 

(3) For each e, there exists R{e) > 0, such that for t € [0, r+(no)), we have 

f \Vvit,x)\'+\vit,x)r+^l^dx+ [[ ^^^^^rf^^dxdy < 

J\x\>R{e) Fr JJn \x-y\'^ 

(5.2) 

where 

n = {(x,y) G M"^ X M'^; |x| > R{e)} U {{x,y) £R'^ x R'^; \y\ > R{e)}. 
Proof: From the property of K, we can easily verify them. 

Proof of Proposition I5.lt We split the proof into two cases, the finite time 
blowup for u and the infinite time of existence for u. 

Case 1: T+(uo) < +oo. We claim that 

A(i) — >■ oo as t^T4_(no). 

Its proof is analogue to the proof of Proposition 5.3 in [12] and Corollary 1.10 in [15]. If 
not, there exists ti /' T^{uq) with X{ti) — > Aq € [Ao,+oo). 

Let ^ 

X{ti)— 
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from the compactness of K, there exists v{x) G with 

Vi ^ V in , 

Thus, we have 

d-2 rf-2 

u[ti,x) = \{ti)~Vi{\{ti)x) ^ v{\qx) in 

d-2 

Let h{t,x) be the solution of (|2.ip with data Aq^ u(Aoa;) at time T4_(no) in an interval 
{T+{uo) - 6,T+{uo) + d) with 



x{{T+{uo)-5,T+{uo)+5)) 



< oo. 



Let hi{t,x) be the solution with data at T+(tio) equal to u{ti,x). Then the local well- 
posedness theory and Remark 12.61 guarantee that 



sup \ \hi{t, x) 



'X 



((T+K)-f,T+(«o)+|)) 



< OO. 



Since hi{t,x) = u{t + t-i — T+{uo),x) and T+{uo) < oo, It gives a contradiction with 
Proposition 12. 2[ 



1, for \x\ < 1; 
0, for \x\ > 2 



Now let ip € C^(R'^) be radial, and 

(p{x) = 



Set 



ifnix) = ip{-). 



Define 



yR{t) = J fR{x)\u{t,x)\ dx, t e [o,r+(no)). 
From Lemma IS.ll and Lemma 13.21 we then have 



\y'Rit)\ ^ J \u{t,x)Vuit,x)V{ipR{x)) 
u{t, x) 



dx 



< 



\\Vu{t)\ 



L2 



(5.3) 



L2 



VW{x) 



Il2- 



On the other hand, we also have 



V > 0, / dx — > as t — > r+(tio). 

'|a;|<i? 



(5.4) 
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Indeed, since u{t,x) = X{t) 2 v{t, X{t)x), we have from Holder's inequality 



\x\<R J\y\<X{t)R 



X{t)-^ \v{t,y)\'dy + X{t)-^ \v{t,y)\'dy 

J\y\<e\{t)R J eHt)R<\y\<X(t)B. 



<X{tr^{eXit)Rf\\vit,x)\\l,.+X{t)~^X{t)Rf\\v{t,x^^^^^^ 

|2 



C^{eRf j \VW{x)\^dx + R^v{t, 



^>\\L'^* {\x\>e\{t)R)- 



The first term is small with e. Lemma l5. II implies that the second term tends to as t 
tends to T+(mo)- 

From (j5.4p . we have 

VR{t)^Q as t^r+(uo). (5.5) 



Prom (j5.3p and (|5.5p . we have 



yij(O) < yij(T+(uo)) + C r+(no) / \VW{x)fdx 



CT+{uo) j \VW{x)\^dx 



where yji{T^{uQ)) denotes lim yR{t). 

t/T+iuo) 

Thus, letting R +00, we obtain 

Arguing as before, we have 

\yR{t)\ = \yR{t) - yR{T+{uo))\ < C (T+K) -t) J \VW{x)\^dx. 

Letting R — s- +00, we have 

\\u{t)\\l, < C {T+{uo)-t) J \WW{x)fdx. 

By the conservation of mass, this implies 

no = 

which is in contradiction with T4_(mo) < +00. 

Case 2: T+(iio) = +00. On one hand, from n(t, x) = A(t)~2~ti(t, A(t)x) and Lemma 
15. H we have for each e > 0, there exists R{e) > such that 



/ ^^^^dx+[ \Vu{t,x)\^dx+ [f '"(^'f^'^'f ^'' ^^^^<^> (5-6) 

J\x\>R{e) Fr Jlx\>R{e) J Jn \x - y^ 
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where 



Q = {{x,y) G R"* X R'^; \x\ > R{e)} U {{x,y) G 



>R{e)}. 



On the other hand, from Lemma 15.11 and (j5.6p . there exists R such that, for all 
t G [0,+oo) 

\x\<R J Jqi 

where 



Now let 9? G C~ 



Set 



Define 



We then have 



\x-y\* 

n-^ = {{x,y) G M"^ X M''; |2;[ < R, \y\ < R} 

be radial, and 

, . f IxP, for Ixl < 1; 
'^(^^ = 0, for Ixl > 2, 



ipRix) = RMj^)- 



ZR{t)= I ipR{x)\u{t,x)\ dx, i G [0,T+(uo)). 



dxdy>Cso / \Vuo{x)\'^dx, (5.7) 



< j |Vno|^dx, for t > 0, 

ZRit) > y |Vno|^dx, for R large enough, t > 0. 
In fact, from Lemma |5. II and Lemma 13.21 we have 



(5.8) 



z'ji{t)\ <2rJ \u{t,x)Vu{t,x)Vip{^: 



dx 



< CR / |u||Vti|d2; < CR^\\Vu{t,x)\\ 2 

'\x\<2R 



\U\ 



L2 



< CR^ 



j |Vnof 



dx. 



On the other hand, from Lemma 13.21 (15. 6p and (15. 7p . we have for sufficiently large R 

/X I'^P f 
AA(/?(— )— + 4Re / ipjkUjUkdx 

-4Re 



(aj(x) - aj(y)) j^— ^|n(t,a;)p|u(t,y)|^dx(iy 



\Vuit,x)\'dx-8 [[ \^^^^4^^^^^dxdy 
x\<R J Jni 



\x - y\^ 



+ 0{[ / \Vu{t,x)\'dx+ [[ 

J\x\^R -TL J\x\^R J Jfli 

2 



|n(t,x)p|n(t,j/)|- 



dxdy) 



> Cso / iVnordx 
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where 

ni = {{x,y) G M'^ X R'^; \x\ < R, \y\ < i?}; 

= {{x,y) G E'^ X M'^; lx| ~ i?} U {{x,y) G M*^ x M'^; |y| ~ i?}. 

From (jS.Sp , we have 

C5^t y |Vuo|^dx< 14,(0 - •zj?(0)| <2CR^ j iVnopdx. 

We have a contradiction for t large unless uq = 0. 

Proof of Theorem I5.lt It is analogue to the proof of [12], [21]. Assume that 
^ 0, then 

\VuQ\^dx > 0. (5.9) 



From Lemma l5.ll we have 

E{uq) > Cso J iVtiopdx > 0. 

Because of Proposition (STTl we only need to consider the case where there exists {tn}n=i^ 
in > 0, such that 

X{tn) ^ 0. 

We claim that 

Indeed, if ^ to € [0, T^{uq)), then we have for all i? > 

,v{tn,x)\'^*dx= I I ^-dZ2u{tn,Y7r~^)\'^ dx 

\x\>R J\x\>R X[tn)~ '^V^nj 

= / |u(t„,x)p*dx. 

Because of n G Cj°([0, T+(no)); i^^), we have 

\v{tQ,x)f dx = yR>0. 



\x\>R 

It is in contradiction with the fact that 

|2j / Iv7„./'j. ™M2, 



Vv{to,x)\^dx = / \Vu{to,x)\^dx > 0. 



Now after possibly redefining {tn}n=i7 we can assume that 



A(U<2 inf A(t). (5.10) 
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From the hypothesis, we have 

Wn{x) = ^-^u{tn, yttt) ^ "^0 in H^. 

By Proposition 13.11 we have 

J \S/wn{x)fdx = J \Vu{tn,x)\'^dx < {I -6) j \VW{x)'^dx, 
E{Wn) = E{u{tn)) = E{uo) < E{W). 

Hence, we obtain 

J \Vwofdx<{l-6) j \S7W{x)fdx 

< E{wo) = E{uo) < E{W). 

Thus wq ^ 0. Let us now consider solutions Wn{T,x),'Wo{T,x) of (j2.ip with data 
Wn{x),wo{x) at T = 0, defined in maximal intervals r G (— T_(i(;„), 0] and r S 
(— T_(7i;o), 0], respectively. 



v(t„) 



V( T + K) 




w„(t:) 



Figure 2: A description of the normalization on X{t). 



Since Wn{x) wq{x) in H^, we have from Remark 12.61 that 

lim T_{wn) > T_{wo), 

n— ►+O0 

Wn{T,x) ^ WoiT,x) in V r € (-T_('u;o),0]. 

By the uniqueness of solution of (|2.ip , we have 



Wn{T,x) 



Now we claim that 



+ ), for 



XiU)"^ ^A(t„)2 ""'Xitn) 



lim triHtnf > T^{wo). 



Xitn)' 



(5.11) 



(5.12) 
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Indeed, if not, then lim tnXjtn)^ — > tq < T-{wq), from (15. lip , we have as n — > +00 



1 / X 



Wn{-tnHtny , x) = -d^T^O (tTTI-) ^ Wo{-To,x) in . 

Note that from X{tn) — > 0, we have as n — > +00 

thus we obtain that 'Wq{—tq) = 0, which yields a contradiction. 

From (|5.12p . we have that for fixed r G (— T_(t(;o), 0] and sufficiently large n, 

0< -7^-2 +t„ <tn, 

v{ y^fj -^-i + tn,x), ^ij(j-yi + defined and we have 

T , 1 / T 
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= ~ , ^ «^n(r,^— ), 
An(r) 2 A„(r) 

where 

'"^"^ = A(t„) - 2 
because of the fact (jS.lOp . After passing to a subsequence, we can assume that 

An(r) ^ Ao(t) g [^,+00]. 



Hence, we have 



^(t77^ +*^'^) ^ ~ ,\d^2 Wo{T,~^) =vo{t,x) e K. 
^v-ri) Ao(r)~ Ao(r) 

Now we claim that 

Ao(r) < +CX). 

If not, from 

1 X \ X 

A„(r) 2 A„(r) Ao(r) 2 Ao(Tj 

we have 

wo{t) = 0, 

which yields a contradiction. 

So far, wq{t)^ vq{t) and Ao(t) satisfy the conditions of Proposition 15. H we obtain 
that 

Wq = 0, 

which yields a contradiction. This completes the proof. 
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